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Introduction

Game semantics:

A semantical model in which the execution of a program is seen as a
dialog between the program (the Player) and its environment (the

Opponent). Different programs are represented by different strategies.

Introduced to give the first fully abstract model for PCF (a purely
functional language).
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Introduction

The original presentation of game semantics immediately introduced
constraints:

@ Innocence (on information)
@ Innocence (on actions)
@ Bracketing

@ Determinism
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Introduction
Lifting these constraints yields models for additional language features:
Innocence (information): integer stores

(]
@ Innocence (actions): functional stores
o Bracketing: control operators

o

Determinism

A functional language extended with all these features would correspond
to the unconstrained model.

But can we find a more direct fit?
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Introduction

We want to give a language which corresponds to unconstrained game

semantics as directly as possible.

This will allow to:
@ Explain concepts from game semantics syntactically (eg. innocent

expansion, duality).
@ Give languages for classes of strategies defined in semantical works.
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Interaction with and without references

(Ax.Ac.(x (x ©))) (Ay.y)

)\x.)\c.(>|< (>|< c))
! !

/

Av.y ALY

new r = true;

(Ax.Ac.(x (x ¢))) (if !r then (r := false; Ay.y) else \y’.Q)

Ax.Ac. c))

T 9
v Ay.y v Ay Q
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Interaction with and without references

new r = true;

(Ax.Ac.(x (x ¢))) (if !r then (r := false; Ay.y) else \y’.Q)

A Ac. (X Av.y_(x AV.v' _c))
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Interaction with functional references

new r = true; new r;
(Ax.Ac.(x (x ¢))) (if !'r then (r := false; Ay.(r2 :=y; y)) else A\y'.In)

AX.Ac. c))
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Alexis Goyet (PPS) The AX-calculus December 20, 2012 7 /18



Interaction with functional references
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Interaction with functional references

new r = true; new r;
(Ax.Ac.(x (x ¢))) (if !'r then (r := false; Ay.(r2 :=y; y)) else A\y'.In)

Vv ¢))
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The A\-calculus syntax

E\X.)\C.X_S\V. vx\ .V cE
4 Au. udy.yuldyy e

—* Ac.c_€
Syntax
L
Y = € | ¢ | xo | o+9 | g1 | V¢
or = € | Mo | ud | o+7 | o<T

Variables: x,y,z
Co-variables: u, v, w

Alexis Goyet (PPS) The AX-calculus December 20, 2012 8 /18



A loose comparison to other languages

Syntax
o0 = € | Md | xo | o+ | éar | VSé
o, T = | Auo | u¢p | o+7 | o<t
A-calculus A-calculus | CCS
with references
AX AX
new u; \u
x M X_0 x-P
u=M,; u_¢@ x-P
¢+ P+Q
M N oo PlQ
skip €, € 0
(x,u)
v . vx.P
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Strategies
(L =1)= 1= 1
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Strategies

(L =1)= 1= 1
(D Ax.Ac.
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Strategies

AXACXAv.v_x .V ¢
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Reduction rules (intuition)

V).x_u_QS —* vV P ).x_v_¢ —* €

A.X0 Q4 Augp —* ()%U) (o> )
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Innocence as a syntactical expansion

Syntactical fixed-point
va.p — ola\va.d]

tr(Ay.y)
= Auuwvady.y_ua

AUUNY.Y_UVQNY.y_ U

L4

XuuNy.y_uNy .y _uvady.y ua
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Reduction (big steps)

éx.)\c.xjv. vx .V ¢
4 Au. udy.yudyy

AXACX AV XAV _c &< duudy.y udy'y €

—* (X 2 ( Av.v XAV _cEn Ay.yudy'y' &)

(y,V)(X u) <, - ;-
—* Ac. ( x AW cEq uly'.y' €)
—* Ac. (y’V)(X Y ( M.V cEv Ny'y'€)
% e 2 V)(y,V)(X u) ( ciq £)
—* Ac.cE
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Suppose we want to distinguish these two A-terms:

A g Ae.(f (g ©))
A Ag.Ae.(g (f ©))

The applicative context C[| does not distinguish them, because the two
sides (for f and g) do not interact:

Cll = ([] \z.2) X\.Z

But consider this approximation of C[] in the A\-calculus:

(Il < E\u.t_l_)\z.z_E) AV N7 E
~ [<duAv(u---Fvo--n)

Now u and v are shared by the two sides.
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A modified context:

[ < Audv.(udz.zv I \Z .2 €4+ v IAZ.Z udze)

And its strategy:

(L=1) x (L=1)

u Az.
Z/O
O
u Nz
, O
z
O
v \Z.
, 9
z
uAz. 0)
O
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Typing

MNe:AF | A MNerel|lA
Mx:Alg:BF|A NkFo:Blu:AA
MNix.g¢:AxBF|A MNFXo:AxB|A

MMx:~(AxB)|Fo:A|A Me:AF |u:-AA
Mx:=(AxB)|xo:BF | A MNrugp:1|lu:-AA
MNe:AF A MNvy:AkF A MNrEo:AlA Mer:AlA

FrMo+v:A-|A Mtro+7:AlA
MNe:AxBF | A MNkrEo:AlA Neo:AlA rNeEr:BlA
MNe<o:BF|A NkFo<ar:AxB|A

MY :Ll¢:SxAF| V:S T:LA

F9" 7.6 AF | A
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Conclusion and future work

@ Concepts of game semantics are given direct syntactic equivalent
(duality, innocent expansion, Béhm-out...).

@ Classes of strategies defined in theoretical works can be described as
sub-languages.

@ The language allows precise access control on the history of the
interaction, which could be used to define constrained effects.
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Arbitrary branches as views

Xudv.( vwa.f( uvB.guf
+ v g.ua) -
+ vy fovgovey)
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Typing example

[[e:AF [A M Fe:1|A
Mx:A|l¢:BF | A Nkro:Blu:AA
M Ax¢:AxBF A M| Favo:AxB|A
Mx:~(AxB)| Fo:A|A MNo:AF |u:-AA
MNx:=(AxB)|xo:BF|A MNFug:1|u:-AA

Example

y:L]e:lk |Ju:L=1
y:Ll|ly€e:lkju:L=1
| Ay.ye€e:LF |Ju:L=1
| Fuldyye:llu: L= 1
| FAvudy.y & L= 1|
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Reduction rules

barT.oy  — 77.(¢<0y)
AX.¢ 40, — Ax.(¢ < 0g)
X_0 4Ty — x_(0 < 7g)
Auoar - Au(o <)
Og <AV.T — Av.(og <)
upavp = ufp<ava) + v (Y <Qug)
u),L
VUSAxd tPts g
S o Ax. V.6
és.xj\7.u,¢ — é?'s.qﬁ
és.xj\7.w,¢ — €
és.xj\7£ — €

éﬂ.xj\7.w,¢ — XAV AT .w_ é.(j)

éﬂ,xj\V. wp — XAV E
L - - -
VIxAVE - XAV T .&
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ui ¢ FN(¢)
x ¢ FN(oy)

u ¢ FN(r)
v ¢ FN(og)

x¢Liugl
xé¢L

(x,u) €L
(x,u) €L
(x,u)elL

x¢Lwél
x¢lLiwel
xé¢L
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fixed-point

Ma':=Al¢:AF |u:-AA
N rFuvag:1|u:-AA

Na':=A|l Fua:1l|u:—-AA

va.p — ola\va.d]
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Translation from the \-calculus

Inn((qﬁg = vuvaInm®¥(¢) u,a ¢ FN(¢)
Inn*Y(€) = uv.a
Inn“Y(v_¢) = wv_a<vInn™Y(¢)
tr(M) = Inn([M])
[MN] = [M]<Inn([N])
Ax.M] = Ax.[M]
[x] = xze
Q] = e
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